Let V be a group of operators acting in fixed point free manner on a group G and suppose V has order relatively prime to I G I. Work of several authors has shown that if V is cyclic of prime order or has order four, G' is nilpotent. In this paper it is proved that G' is nilpotent if V is non-abelian of order six, but that G' need not be nilpotent for any further groups other than those just mentioned. A side result is that G has nilpotent length at most 2 when V is non-abelian of order pq, p and q primes (non-Fermat, if \G\ is even).
A fundamental theorem of Thompson [7] states that if G is a group admitting a fixed free automorphism of prime order, then G is nilpotent. It appears to be well known that if, in this theorem, the group of prime order is replaced by any group of automorphisms of composite order acting in fixed point free manner on G, one can no longer conclude that G is nilpotent. (For the sake of completeness, this fact is proved at the end of § 1.) However, one can frequently draw weaker conclusions concerning G in these cases. For example, D. Gorenstein and I. N. Herstein [4] proved that a group, G, which admits a fixed point free automorphism of order four, has nilpotent length at most two. S. Bauman [1] in 1961 obtained a similar result for the case that the fixed point free operator group was the fourgroup. Other more general results giving bounds for the nilpotent length of a solvable group, G, admitting various fixed point free operator groups, V, of order prime to | G | can be found in Hoffman [5] , Thompson [8] and Shult [6] . In summarizing these results we remark only that the bounds are best possible when V is abelian and subject to a certain restriction on the prime divisors of its order (a restriction which vanishes when |F| and \G\ are both odd), but that the bounds are very large otherwise.
In the case that V has order 4, something rather special obtains. Not only does G have nilpotent length 2, but moreover G has a nilpotent commutator subgroup. These findings raise the following question: Let G admit a fixed point free group of operators, V, of order prime to | G |. For what groups, V, does this imply nilpotence of the commutator subgroup? From the above-mentioned results of Thompson, Gorenstein 324 ERNEST E. SHULT and Herstein, and Bauman, this situation obtains whenever V is cyclic of prime order, or has order four. In this paper, it is shown that G' is also nilpotent when V is S 3 , the symmetric group of degree three,, but that this implication does not hold for any further groups, V.
In order to address the general question concerning which fixed point free operator groups, V, yield the nilpotence of G', it would seem imperative that one have available general information concerning groups admitting fixed point free groups of operators, particularly information concerning nilpotent length 2. Information of this type can be obtained for the special case that V is abelian (Shult [6] ), but so far only bounds on nilpotent length which exceed 5 are available when V is non-abelian (Thompson [8] ). In the second section of this paper we produce a special result for the case that V is non-abelian of order pq, p and q primes. Here, if G admits V as a fixed point free operator group, G has nilpotent length at most 2, provided neither p nor q are Fermat primes when G is even. Although this meagre result barely scratches the surface for the case that V is non-abelian, it turns out to be sufficient to answer the central question of this paper: when is G r necessarily nilpotent? In § 2, it is proved that G' is nilpotent when V -S 3 . Unlike proofs for the case V has order four, this proof does not merely hinge on the fact that a group fixed point free under an automorphism of order two is abelian. Rather, the proof asserts that a group which admits a fixed point free automorphism of order three in a very special way (a special case of condition (3) of (*) in Theorem 1) is abelian. The final section merely consists in showing the existence of groups G, fixed point free under V, for which G f is not nilpotent whenever V is not cyclic of prime order, not of order four and not S 3 .
1* Technical preliminaries* The purpose of this section is to standardize notation and to list a few preliminary results which are used repeatedly in the arguments in the main sections of the paper. Throughout all groups considered are finite and E denotes the identity group. The symbol O π (G) denotes the maximal normal 7r-subgroup of G, where π is a fixed collection of primes.
If V is a group of operators acting on a group, G, the following subgroups are distinguished: (V,G) = the subgroup generated by {v(g)g~1: g e G, v e V} V is said to act fixed point free on G if G v = E. If N is a normal F-invariant subgroup of G, V will also be regarded as a group of operators acting on N and G/N. The following two lemmas are obvious.
From part (b) it can be seen that if V is fixed point free on both GJN and N, then V is fixed point free on G.
The following lemma is essentially a special case of a result of Glauberman [3] . LEMMA 
Proof. If the coset xN is fixed by V, the theorem of Glauberman asserts that xN -yN for some yeG v , whence (b). (a) follows from (b) upon setting (V,G) -N, and using Lemma 1.1 (a) and Lemma 1.2 (a).
Theorem 1 of § 2 requires a technical theorem which is a special case of Theorem 4.1 proved in [6] We say that a group theoretic property, P, is residually complete if for any group G and any collection of two or more normal subgroups JV lf , N s intersecting at E, the fact that G/Nt has property P for i = 1, , s implies G has property P. In short, P is residually complete if the collection of finite P-groups is closed under taking subdirect products. It is easy to show that (a) having nilpotent commutator subgroup and (b) having nilpotent length ^ k, are residually complete group theoretic properties, and these facts are assumed throughout the remainder of the paper.
We now settle in the negative the question whether there are groups, V, other than those which are cyclic of prime order, which imply the nilpotence of groups, (?, admitting V as a fixed point free group of automorphisms. Proof. Let T be a proper subgroup of V and suppose | T | is composite. Then by induction there exists a nonnilpotent group, G 19 which admits T as a fixed point free group of automorphisms. Set Thus G is a nonnilpotent group admitting F as a fixed point free group of automorphisms. Thus we may suppose that all proper subgroups of V are cyclic of order p. Then V is metacyclic of order pq (p and q primes), and we may suppose that U, the g-subgroup of V, is normal in V. Let R be cyclic of prime order r = 1 mod p and let V act on R in such manner that U acts trivially on R. Then in the semidirect product, X= VR, U is normal and X/U is the nonabelian group of order pr. Let s be a prime such that s = 1 mod qr, and let M ι be the faithful irreducible i?-module of dimension 1 over GF(s), and convert M x into a ίTB-module by letting U act by scalar multiplication on M ι% Now let M be the induced GF{s)Xmodule, affording the representation, p, of X Then G = ME, is a subgroup of the semidirect product XM, and F can then be regarded as a group of automorphisms acting on G. Then V is fixed point free on G/M -R since VG/UM ^ X/[7 is non-abelian of order pr. Also U is fixed point free on M since M is a sum of conjugate 1-dimensional faithful t/-modules β Thus V is fixed point free on G. Also M is a sum of conjugate faithful i2-modules and r is prime to s; hence [R, M] 
( 2 ) G t is fixed elementwise by W.
, v q are the successive conjugates of v under w~ι (i.e. wViW~ι = v i+1(mO dff)), then v t leaves N^G) invariant and fixes G/Ni (G) elementwise.
Before proceeding to the proof of Theorem 1, we first establish a number of lemmas. The first few of these concern several aspects of the property (*). We now have (1) and (2) of (*).
where the subscripts are taken mod q. This proves (ii). Finally the intersection of the N^H) is necessarily trivial, so (i) holds. Proof. Let G and £Γ be two groups admitting F as a fixed point free group of automorphisms and suppose (*) holds for each group. Set L = G X H. Then L admits F in a natural way and is fixed point free under F. Set
Thus (1) and (2) 
Thus (i), (ii), and (iii), and hence (3), hold for L. Thus L satisfies the condition (*). 
Proof of Theorem

Case I. Either s > 1 or at least one A t is reducible.
Let Bi be a proper maximal submodule of A { and consider the module A Q defined by the external direct product
and let α^ and μ be the representations afforded by AJBi and A o respectively, i -1, 2, ««-, s. We now set out to show that μ is faithful. If char K = 0, each ^ is irreducible, whence Bi ~ 0 so A o coincides with A. Then μ is faithful, since, by hypothesis, A is a faithful i£iϊ-module.
On the other hand, if char K-r, O r (G) -E.
Since G is solvable, we must have, in this case, C; = O^ker^ Π G) Φ E. Then C^ fixes AJBi elementwise. Now as an additive group, A { is a finite elementary abelian r-group, acted on by a group of operators, C ζ of order prime to r. Then, since C^ centralizes AJB if by Lemma 1.3(b), we must have 
satisfies (*). But because of the decomposition (1), μ(G) is isomorphic to a subgroup of L and hence, by Lemma 2.1, also enjoys (*). Since μ is faithful, G itself satisfies (*).
Here we may apply Clifford's theory [2] .
Since G <\ H, A decomposes into homogeneous ifG-components, D u
, D t , which are permuted transitively by V. Thus t divides pq.
Subcase (a), t -pq.
Here, the permutation representation of V afforded by the permutations V effects upon the D i9 is the regular representation. Consequently, Di -u i D 1 for some unique u t e V.
is a nonzero element of A, fixed by V. This contradicts our assumption that V is fixed point free on A and so subcase (a) cannot occur.
Subcase (b). t -q.
Here, the permutation representation is isomorphic to that induced by multiplication in V on left cosets of a subgroup of index q. Since all such subgroups are conjugate in V, without loss of generality we may take this subgroup to be {v}. (3) of (*), and so (for the case (?! ~ E) also satisfies (*).
Subcase (c). t -p.
Here, the Di are permuted in a cycle of length p, by v (or any Vi), and w leaves each D { invariant. Under these circumstances, w must be fixed point free on each Di since otherwise it would be a simple matter to construct a nonzero point in A fixed by V. Then since q is not a Fermat prime, by Theorem (A), w fixes G/ker ^ elementwise, i = 1, , p. Thus (w, G) ϋ Πi ker δ { -i?, whence G is fixed elementwise by w. Thus G satisfies condition (*) for the special case that G 2 = E.
Here G is homogeneous as a i£G-module. At this point we can apply Clifford's theorem relative to any normal subgroup of H lying in G, i.e. any V-invariant normal subgroup of G. Let M be a maximal F-invariant normal subgroup of G. Since G is solvable, G/M is an elementary abelian regroup which, as a vector space over the field of r t elements, is an irreducible GF-module. Since A is an irreducible ZG-module, we may decompose A into its homogeneous JOf-components, Since Λf is a proper subgroup of G admitting F and A is a i£M-module fixed point free (along with M) under the action of V, by induction, I is a subgroup with property (*). By Lemma 2.2, M is nilpotent and so has a nontrivial center, Z(M). Since the hypotheses of the case under investigation demand that A be a homogeneous KMmodule, all the irreducible KZ(M)-submodules of A are conjugate by an element of M 9 Since Z(M) is the center, these submodules are even equivalent. Since Z(M) is abelian, A is a homogeneous KZ(M)-module and K, being a splitting field for all subgroups of H is certainly a splitting field for Z(M), Z(M) must be represented on A by scalar multiplication by elements of K. Under these circumstances, aside from the fact that Z{M) is cyclic, the matrices representing V commute with those representing Z(M). Since A is a faithful KHmodule, this means that the elements of V centralize those of Z(M), contrary to our hypothesis that V acts in fixed point free manner on G.
Subsubcase (ii). N -M.
Here there are [G : M] distinct homogeneous iOί-components. By applying induction on M and using Lemma 2.2, we have already seen that M is nilpotent, whence Z(M) Φ E. The components E t are permuted by H -GV, the resulting permutation representation having kernel, N. Thus the transformation of the E { can be associated with a faithful transitive permutation representation, π, of the semidirect product, V(G/N) -VG/N = H/N, of degree rf. But this is permutation isomorphic to the permutation representation induced by multiplication of the left cosets of some subgroup of index rf, in V(G/N). Such a subgroup necessarily has index rί, and so, since V(G/N) is solvable, is an ^-complement and is conjugate to V. Thus the representation, π, is permutation isomorphic to that induced by multiplication of left cosets of V in V(G/N) by elements of G/N. In such a representation, V is the subgroup fixing some letter elementwise. Thus, because of the permutation isomorphism, we learn that V leaves some jOί-component, say E u invariant. Then, by a theorem of Clifford's, since VM is the stability group of E t (a consequence of our case division), E 1 is a VMmodule. Moreover, V is fixed point free on E 1% Since E x is a homogeneous iQf-module, Z(M) is represented by scalar multiplication on E λ . Then the matrices representing elements of V commute with the scalar matrices representing Z(M) on E ± . Let β x be the representation of VM afforded by E,. Then if Z(M) g ker ft, V would centralize Z{M) ker ft/ker β x Φ E. Since V has order prime to M, by Lemma 1.3 (b) (G) , being a nilpotent group with no normal π-groups, is itself a 7r'-group. Thus O-'χ-,(G) -G and so G has π-Iength at most one.
Proof. Since F(G)
3* Nilpotence of the commutator subgroup in groups admitting S 3 as a fixed point free group of operators* Let G be a group of operators, F, isomorphic to *S 3 , the symmetric group of degree three. Then V is a metacyclic group of the type disscussed in the previous section, with p = 2 and q -3. Our object is to show that if V acts in fixed point free manner on G and G is solvable of order prime to 6, then G f is nilpotent. This property is almost entirely the consequence of THEOREM 
G is ahelian.
Proof. The reader will recognize that (i)-(iv) is the condition (3) in (*) imposed on the subgroup G 2 in Theorem 1, for the case that p -2 and g = 3. Then by Lemma 2.2, G is nilpotent, since it is fixed point free under the automorphism, w, of order three. Then, by a theorem of B. H. Neumann G has nilpotent class 2, i.e. G' g Z(G).
Now let if be an arbitrary F-invariant subgroup of G.
Then V is fixed point free on H. We now show that the hypotheses (i)-(iv) inherit to H. Set N( = H n #" ΐ = 1, 2, 3. Then iV/ n iV*' n -W = H Π (iVi Π iV 2 Π N 3 ) = 1?, proving (i). Clearly Λ7 is ^-invariant, being the intersection of two ^-invariant subgroups of G. Also, w\Nl) -w\H Π N,) = w\H) Π w\N % ) = Jϊ Π JV <+1 -iV/ +1 (indices taken mod 3).
Thus (ii) and (iii) hold. Finally, H/N? is ^Γisomorphic to HN t /N if a subgroup of G/Ni. Since the latter is fixed elementwise by v if so is the former, proving (iv).
Since G is nilpotent, each of its Sylow subgroups admit V and satisfy (i)-(iv). If G is not a p-group, each of these is proper and, by induction, is abelian. Then their direct product, G, is also abelian. Thus, without loss of generality, we may assume that G is a p-group.
Let F denote the Frattini factor group, G/0(G). Then F is a F-module, and since ;p||F|, by Maschke's theorem, F is a direct sum of irreducible F-modules:
, GJ = G whence 0(G) £ ^(G), the center of G. If, moreover, t > 2, each of the subgroups G^Gy is a proper F-invariant subgroup of G and hence is also abelian. In that case, G 2 C,(G,) B {G x , ...,G if ...,G ί } = G so each G^ lies in the center of G, whence G, which is generated by the Gi, is itself abelian, and we are done. Thus without loss of generality we may assume t g 2.
Let us take a closer look at the irreducible F-modules, F iΛ These are modules over the field of p elements. The kernel of the repre-sentation of V which each affords, is a normal subgroup of V and so is either the identity (in which case each module is faithful) or contains W, the normal subgroup of order 3. In the latter case, F contains points fixed by W. Then by Lemma 1.3 (b) , G w Φ E, a contradiction. Thus each F t is faithful. In this case, we can show that each Fi is, indeed, 2-dimensional.
First, we observe that if p = 2 mod 3.
is a faithful irreducible representation of V. Second, if p = 1 mod 3, there exists an integer a ^ 1 mod p such that α 3 = 1 mod p. Then 0 1\ la 0 (where α < 3 is taken as an element of GF(p) = ϋJ/(p) is also a faithful irreducible representation of V of dimension two. Now each F t is isomorphic, as a Gi* 7 (p)V-module, to a minimal left ideal of the semisimple group algebra GF(p)V of dimension 6. But the modules corresponding to the trivial representation, and to the representation having W as its kernel are both 1-dimensional and thus account for two one-dimensional minimal left ideals in the direct decomposition of GF(p)V. This leaves a four-dimensional complement which must contain a two-dimensional minimal left ideal affording one or the other of the representations (A) and (B) given above. Since there are only three conjugate classes in V, these exhaust the nonisomorphic GF(p) Vmodules. Thus each of the Fi afford representations equivalent to one of the two matrix representations (A) and (B) given above. Now suppose t -1. We can no longer assert that 0(G) lies in the center of G, although 0(G) is certainly abelian. Here G/0(G) = F is two-dimensional, and so G is generated by two elements, say x 1 and a? 2 . Thus if # and Λ are arbitrary elements in G, each can be expressed as "words" in x 1 and x 2y i.e.,
Then from (1) (fir, h) = (a,, fc)*"*(a 2 , Λ)»* whence G' is cyclic. But in that case G'/0(G') is a one-dimensional GF(p) F-module, and hence is fixed by w. Since w is fixed point free on G, it is also on G'/0(G') whence G'/0(G') = £7, i.e. G' = 0(G') = #. Thus G is abelian.
We are left with the case that t = 2. Here ί 7 = F 1 0 .F 2 , and 0{G) lies in the center of G. Then the commutators (x,y) all have order p, for (α, ?/) p = (a?, y p ) = 1 since ^e 0(G) S #(G). Thus G' is elementary abelian and can also be regarded as a F-module. Commutation now defines a F-homomorphism: F x F -> G', which, being bilinear in each component, can be factored through
Thus if x and y belong to the same left coset of 0 (G) in G, x -3/2 for some £ in the center. Then (#, g) = (3/2, (7) Adding (4) to (5) yields Thus G r is at most two-dimensional, and from (5) and (6) Then from (5) Proof. The property that G' is nilpotent is residually complete, and so, since V is fixed point free on each factor group, we obtain immediate reduction to the case that G has a unique minimal normal (G) . Now V is metacyclic of order 6. Since G is odd, the restriction on Fermat primes does not apply, and hence we may use Corollaries 1.1 and 1.2 to obtain that G = G/O P , P (G) satisfies (*). Then G = G 1 xG 2 where G λ is fixed point free under v, an automorphism of order 2, and G 2 is a group satisfying conditions (i)-(iv) of Theorem 2. Thus both G λ and G 2 are abelian, whence G is abelian. Thus G' S O P > P {G) = O P (G), which shows that G' is a p-group and hence is nilpotent.
4* Nilpotence of the commutator subgroup in groups admitting fixed point free operator groups. In this section we prove the impossibility of extending the results of Corollary 2.1 to solvable groups, V, other than those already considered. We begin with PΓ acts trivially on Q. Then it is easily seen that Q is fixed point free under V/W and has nilpotent length 2. Now W/U has order 2, p or p 2 , where p is an odd prime, and acts as an irreducible V/W-modxύe. We can then find a factor system, TΠij e W/U, such that v { Vj = wra^ , mod ί7 where u is the appropriate coset representative, 1, v u v 2 , v x v^ of W/U in y/Z7. Now let ί be a prime different from 2, r and s such that £ = lmodp if W/U has order p or p 2 . Let MΊ be a faithful irreducible Q-module over GF(t). We make -Mj into an irreducible (U/W)Q-module by letting W/U act nontrivially by scalar multiplication by -1 or by a pth root according as [W: U] = 2 or is odd. Then, as TF acts trivially on Q, ΫFQ < FQ. Set the induced module. Then W has a conjugate representation which is also scalar multiplication on each component xM u x -1, v u v 2 , or^2 . Now set G to be the semidirect product Qilf, where I is a normal abelian subgroup on which VQ acts in a manner prescribed by the module construction of M. Then M has order prime to | VQ |, and is a sum of conjugate faithful irreducible Q-modules, whence
Thus M is the Fitting subgroup of G and G has nilpotent length three. V/U has order prime to G, V is fixed point free on both Q ~ G/M and M and hence is fixed point free on G, by the remark following Lemma 1.2. Evidently G' is not nilpotent.
Case III. V satisfies (c).
V contains a normal subgroup U such that V/U is dihedral of order 2p, where p^5.
In this example we let G = RQ where R is a normal elementary abelian r-group and Q is a special g-group of order q 8 . We select the primes q and r so that r = 1 mod g and gsl mod p, both g and r odd. Q is generated by four elements x u x 2<! x 3 , x 4 subject to the rules: JB will consist of p irreducible Q-modules, each of which has dimension q. Thus R has order r pq .
The action of V on G is defined as follows: First, U is assumed to act trivially on G so that G admits V = V/ U, the dihedral group of order 2p, as a group of operators. Let V be generated by elements v and w such that t; 2 -1, w p = 1, and ?w = w 1 !;. Since p ^ 5, we can find four primitive pth roots modulo g, α, α" 1 , 6, δ"" 
where c is a primitive gth root modulo r, and I q denotes the q by q identity matrix. By defining the representation of Q on Rι as the conjugate representation under w l -\ the representation of QF on i? is completely defined.
We next observe that V is fixed point free on G. , p, we have that h = 0. Thus V is fixed point free on R. But V is also fixed point free on Q/Z(Q) and Z{Q) whence it must be fixed point free on all of G.
In each case Z(Q) is represented on R t by scalar multiplication by c; thus (Z(Q), R) = R^G' and Z(Q) = Q' £ G', whence G' contains the subgroup RZ{Q), which is not nilpotent. Proof. This case is not directly subsumed under those cases listed in Theorem 3, but the required example is easily provided by that theorem. Let F* be the unique subgroup of index 2 in V containing W. Then F* is a solvable group containing a nontrivial normal subgroup, namely W, of index 3, which is an odd prime. Thus V* satisfies (a) of Theorem 3. Accordingly, there exists a group G 1 having order prime to F* which admits F* as a fixed point free group of operators and which has a commutator subgroup which is not nilpotent. Let the element v generate F module F*, so that v 2 is an element of F*. Also, let G 2 be an isomorphic copy of G 1 and let / be the isomorphism /: G 1 -^ G 2 . Then if H = G x x G 2 , the action of F on H can be defined as follows: G x already admits F*. Let v(g) -f(g) for every geG lf and v(g) -v\k) , where g -f(k), for every geG 2 . The latter is well defined since / is onto and one to one (making k unique) and v 2 is an element of F* whose action on G x is already known. For any u e F*, and geG 2 we define u(g) to be f [(v~1uv)(k) ] where/(/c) = g; thus, writing v for / when the domain of v is in G l9 this becomes v[v~ιuv{v~1(g))\ -u(g) so that F* can in this way be regarded as a group of operators applying to H. Clearly F* acts in fixed point free manner on the subgroup G 2 since, if f(k) -g and F* fixes g, i)-1 V*v -F* must fix fc, which is impossible unless k (and hence g) is the identity. Thus F acts in fixed point free manner on H = G λ x G 2 . Now by hypothesis G[ is not nilpotent, and hence its isomorphic copy, G[ is also not nilpotent. But it is obvious that both of these subgroups lie in H', whence H' is not nilpotent. If W <\ V and V/W has odd prime order, then by Theorem 3, since V satisfies (a) if W Φ E, we must suppose that V is cyclic of prime order.
Case II. V has no factor groups of odd prime order.
Since V is solvable, it contains a normal subgroup V 1 of prime index, and because of the case division the prime must be 2. If V 1 -E, V is cyclic of order 2, and so V enjoys (i). Thus we may take V x Φ E. Select F 2 maximal with respect to being a proper subgroup of V 1 and normal in F. Then, since V is solvable, VJV 2 is elementary abelian, and is irreducible as a F/ FL-module. If [F X :F 2 ] is a power of 2 it is in fact equal to 2, so V/V 2 is a group of order 4. Then if V 2 Φ E, V satisfies (b) and so by Theorem 3, we would be confronted with a counter example to the hypothesis of this theorem. Thus we must suppose, in this case, that F 2 = E, whence (ii) holds. If [F x : F 2 ] is not a power of 2, it is an odd prime, p. If p ^ 5, by Theorem 3, the hypothesis would be denied. Thus p -3. Then if F 2 Φ E, by Corollary 3.1, the hypothesis is once more denied. Consequently, F 2 = E and F is the symmetric group of degree three. Proof. Let T be a proper subgroup of F and suppose that T is not cyclic of prime order, does not have order 4 and is not isomorphic to S 3 , the symmetric group of degree 3. Let 1 = x u x 2y , x k be a full set of right coset representatives of T in V. By induction on the order of T, there exists a group, G u fixed point free under T such that G[ is not nilpotent. Let G be the formal set of A;-tuples (θu^Qi^it •• 9®k 1 9k%k) 9 where the g t lie in G x . Under the rule that XtXj 1 -1, G becomes a group (under component-wise multiplication) isomorphic to a direct product of k copies of C lm By defining t~~xgt = g ι for all te T and geG 1 (the exponential notation indicating that t acts as an operator in the manner given by the induction hypothesis), the action of V on G is defined by componentwise conjugation. Then it is easy to verify that V is fixed point free on (?, and that G' is not nilpotent. We may thus suppose that any proper subgroup of V is either cyclic of prime order, has order 4, or is S 3 .
By Theorem 4, it now suffices to show that V is solvable. Assume V is not solvable. Then a 2-Sylow subgroup, S 2 , of V, being proper, has order 2 or 4. If N r (S 2 ) -V, V/S 2 is metacyclic and hence V is solvable. If N r (S 2 ) < V, it is clear that since A^ is not a proper subgroup of V, S 2 lies in the center of its normalizer and so V has a normal 2-complement, K, which is also metacyclic and hence is solvable. Thus V is solvable, contrary to our assumption.
